Abstract-For reflector antennas with broadband multiple feed systems, under optimal beamforming conditions, the feed operates at low frequencies as a phased array feed (PAF), with multiple elements contributing to a synthesized illumination pattern, whereas at high frequencies, each element forms a single independent beam. There is a frequency range between these two regimes where it is difficult to achieve high aperture efficiency, which limits the ultimate performance of broadband multifeed systems. We show that this bandwidth gap is largely independent of the formed beam angle, number of array elements, array layout, and element radiation patterns. We use simulation and modeling to study the origin and nature of this physical effect, develop an upper bound on the sensitivity bandwidth of a high-efficiency array feed, and consider several possible methods for improving the efficiency of multifeed systems in the bandwidth gap.
I. INTRODUCTION
H IGH-SENSITIVITY receivers for reflector antennas have been widely developed for remote sensing, radio astronomy, and satellite communications. Detecting extremely weak signals from deep-space radio sources and attaining high signal-to-noise ratio (SNR) with small diameter terrestrial dish antennas require highly sensitive receiver electronics and feed systems that achieve high aperture efficiency. Notable largescale astronomical instruments include the 100-m Green Bank Telescope (GBT) [1] , [2] , 305-m Arecibo Telescope [3] , [4] , the Chinese 500-m Aperture Spherical Telescope (FAST) currently under construction [5] , [6] , and the proposed international Square Kilometre Array (SKA) [7] , [8] .
Considerable work has been done in recent years to create multifeed systems for reflector antennas that achieve performance competitive with traditional single-pixel horn-type feeds [9] - [11] . For astronomical applications, the key figure of merit is survey speed, or the time required to map a region of the sky to a given source flux density. Survey speed is proportional to the frequency bandwidth, the field of view or observable region of the sky, and the squared sensitivity, where sensitivity is related to reflector aperture efficiency and system noise temperature [12] . In terms of achieving higher survey speed for large reflector antennas, single-pixel feeds are a mature technology, with most recent research focusing on achieving ultrawideband operation [13] - [16] . As sensitivity and bandwidth for single-pixel feeds are nearing practical limits and fundamental physical bounds, the only remaining factor in the receiver survey speed with room for substantial improvement is the field of view. Two basic technologies are available for widefield or multipixel receivers. The first approach is a cluster of single feeds, each feed of which produces a beam to match the reflector antenna [17] - [19] . Cluster feeds are used for astronomical applications as well as satellite terminals that communicate with 3-5 satellites simultaneously. The disadvantage is that the individual feeds in the cluster are electrically large and cannot be spaced closely enough to fully sample the reflector antenna field of view, and beams on the sky are separated by unobservable regions that must be covered by mechanically raster-scanning the reflector [20] .
A second approach to achieving widefield operation is a phased array feed (PAF). A PAF consists of electrically small elements that fully sample a contiguous field of view by combining the array outputs with beamformer coefficients to produce high-quality illumination pattern for multiple overlapping pixels on the sky. Research efforts are underway around the world to improve the efficiency and system noise temperature of PAF systems to the point that they are comparable in sensitivity to single feeds and cluster feeds [21] - [24] .
Both approaches to widefield imaging are receiving significant attention in the astronomical community. Cluster feeds are now in routine use, and PAFs have been demonstrated as prototypes on large reflectors [25] , [26] . The basic theory and techniques for analysis of array feeds are well understood [27] - [31] . Development challenges for PAFs that are currently under study including noise temperature minimization, highthroughput, multichannel real-time digital signal-processing hardware, and deployment of fully operational PAF systems.
While PAFs have demonstrated improvements in field of view over existing receiver technologies, the relative bandwidth of existing PAF systems is smaller than that of state-of-the-art ultrawideband single-pixel feeds. For a wideband array feed, the weighting of elements in the array changes qualitatively over the operating bandwidth. As the system operating bandwidth of an array feed increases, the spacing between elements becomes electrically large at the high end of the band, and the formed beams degenerate to independent, single-element beams similar to that of a cluster feed. At very high frequencies, the array-feed elements become electrically large enough to realize high aperture-efficiency illumination patterns. For a broadband multifeed system, i.e., between the low-frequency or "PAF" regime and the high-frequency cluster-feed regime, the analysis presented in this paper shows that there is a bandwidth gap in which the elements are too far apart to operate in concert to create high-quality illumination pattern, but too small to individually illuminate the reflector efficiently.
To study this effect and its implications for optimal design of multifeed systems, we use models for arrays with various configurations to extract the intrinsic parameters of the bandwidth gap between the PAF and cluster-feed regimes that are independent of the array layout and element design. Aperture efficiency for a broadband array feed is poor when the array element spacing is equal to the distance between the center and the first null of the Airy pattern that governs the field distribution in the reflector focal plane. A relationship is found between the array element spacing in the wavelength corresponding to the critical frequency that divides these regimes and the reflector focal length to diameter ratio (f/D), and the behaviors of the spillover efficiency and focal plane field distribution in the bandwidth gap are used to provide insight into the physics of this effect. Methods for mitigating poor aperture efficiency in the transition region are explored, design guidelines are obtained for a given reflector f/D for wideband array feeds, and a physical sensitivity bandwidth limit bound is proposed for high-efficiency array feeds.
II. MODEL AND ANALYSIS

A. Feed Model
A schematic describing a transmitting array-feed model is shown in Fig. 1 . The feed system is modeled as a collection of antennas with embedded element patterns E n (n = 1, 2, . . . , N), which represents the far electric field with input current I 0 into the port of the nth array element and all other elements open-circuited. The embedded element patterns can be modeled using a full-wave numerical method, but to speed up sweeps over key feed parameters, we approximate the embedded element patterns by the isolated antenna pattern for each element. We have extensively validated this approximation by comparison to full-wave simulations with the finite element method (FEM).
To account for the first-order mutual coupling between elements, we use the element radiation pattern overlap integral formulation [32] . That only considers the far-field pattern, so no information about the effect of near-field interaction between each element is included. In this treatment, an overbar denotes a three-dimensional field vector, and bold font indicates an N -element vector with one value for each array element. All fields are phasors relative to e jωt , and the superscript H represents the Hermitian conjugate. The total radiated electric field from the array feed is The total radiated power is
where I 0 is the input current into the nth antenna port when the embedded element pattern E n is measured, w is a vector of array beamformer weights, and A is the N × N pattern overlap matrix with elements given by
The primary feed patterns scatter from a large reflector to produce secondary patterns on the sky. We use the physical optics approximation to compute the secondary patterns E Rn (r). The feed blockage effect and the diffraction effect from the reflector edges are not considered. The radiated power density is
where B is a N × N matrix with elements given by
Using the overlap matrix A and radiation matrix B, the directivity of the reflector antenna with an array feed in the direction r can be expressed as
The reflector aperture efficiency is
The standard directivity D r is defined as the directivitity of the aperture when uniformly illuminated, which is
where A is the aperture area of the reflector antenna and λ is the wavelength of the radiated field. To achieve the maximum aperture efficiency, the optimal beamformer weights can be shown to be
where the column vector E R (r) has elementsp · E Rn (r) and the unit vectorp represents the polarization of the secondary beam. For an array with large element spacing, coupling between elements is small, and A is a strongly diagonal matrix. In the case of no coupling between elements, (9) becomes the conjugate field matching (CFM) solution. For a cluster feed, the radiated field in the directionr is strongly dominated by one feed in the cluster, and both E R (r) and w are proportional to an elementary vector with one nonzero element. When the array feed operates in the receiving mode, in view of the electromagnetic reciprocity principle, the CFM beamformer w = E R (r) matches beamformer weights to the complex amplitude of the electric field in the plane of the array feed sampled at the array element positions. For a paraboloidal reflector, the field distribution in the focal plane is an Airy pattern. Since the Airy pattern is approximately circularly symmetric for a linearly polarized wave incident on the reflector from the boresight direction [33] , we only consider symmetric array layouts here.
To validate this model for the aperture efficiency of a reflector with an array-feed system, we compare the model to full-wave simulations with the FEM (HFSS, Ansys, Inc.) for the array feed. Fig. 2 shows a comparison of reflector aperture efficiency over frequency for a 3×3 array feed with full-wave and analytical models. The array element is a traditional pyramidal horn antenna with TE 10 -mode aperture field distribution. Ripples of the aperture efficiency with the full-wave model are due to the excited surface waves and the near-field interaction between the array elements. The array-feed analytical model agrees well with the full-wave model, validating the use of the analytical model for embedded element patterns in the following studies.
B. Bandwidth Gap Using a Hexagonal Array Model
Based on the above modeling approach, a four-ring (61-element) hexagonal array of circular horn elements feeding a reflector is analyzed. The element aperture field distribution is uniform, and the element spacing d is equal to the element diameter. Fig. 3(a) shows a comparison of aperture efficiency for different reflector geometries over element spacing with a formed beam in the boresight direction. For a given reflector f/D, the aperture efficiency behaves as a "saddle" shape that represents a decrease of aperture efficiency between the lowand high-frequency operating regimes. The element spacing d 0 corresponding to the center of this operating bandwidth gap [marked with square dots in Fig. 3(a) ] increases with f/D. Fig. 3(b) shows the aperture efficiency for a steered beam with element spacings 0.8 λ, 1.84 λ, and 1.52 λ. These values correspond, respectively, to the peak aperture efficiency in the PAF regime, the gap between operating modes, and the peak of the higher frequency cluster-feed regime with reflector f/D is 1.5. Within the field of view, the aperture efficiency for spacing 1.84 λ is always lower than that for 0.8 λ. When d is 2.52 λ, the large element spacing undersamples the focal plane field distribution and ripples appear in the aperture efficiency distribution over beam-steering angle. When the peak of the focal plane field distribution is located between two neighboring elements, the Airy pattern is poorly sampled and aperture efficiency decreases. Fig. 3(c) shows that if the array size is increased from two rings to six, the position and values of the bandwidth gap between regimes remain fixed, indicating that the critical electrical spacing d 0 is largely independent of array size.
To study the wideband aperture efficiency behavior of an array feed with a different element layout, a rectangular array feed with a square horn antenna element is used as a second comparison case. The aperture field on the square-horn elements is uniformly distributed, and the element spacing is equal to the element side length. Fig. 4(a) shows the aperture efficiency of a rectangular array feed over frequency with different element numbers when the reflector f/D is 1.5. As with the hexagonal array feed, d 0 is invariant with respect to the size of the array feed. When the aperture field distribution of the square horn array element is changed from the uniform distribution to the TE 10 -mode distribution, as shown in Fig. 2(b) , the critical spacing between regimes remains fixed.
From these results, it appears that for a multifeed system, the critical element spacing between the low-frequency array-feed regime and the high-frequency cluster-feed regime at which neither operating mode can achieve high efficiency is largely independent of the number of array elements, beam-steering angle, array layout, and element radiation pattern, and is primarily controlled by the reflector geometry (f/D). We now turn to a more detailed analysis that provides insight into the underlying cause of this bandwidth gap.
III. SPILLOVER AND FOCAL-FIELD BEHAVIOR FOR BROADBAND MULTIFEED SYSTEMS
A. Subefficiencies in the Array-Feed and Cluster-Feed Regimes
To understand the behavior of the efficiency of a broadband multifeed system over frequency, subefficiencies can be used to attribute changes in performance to specific physical mechanisms. Aperture efficiency can be factored as
where η sp is the spillover efficiency, which measures the amount of radiated power from feed reflected by the reflector, η t is the taper efficiency, which describes the uniformity of the amplitude distribution of the feed radiation pattern over the surface of the reflector, and η p is the phase efficiency that represents the deviation of the phase of the illumination pattern from ideal over the aperture plane. Polarization efficiency, blockage efficiency, and reflector-surface-error efficiency are ignored in the analysis, as they are not relevant to understanding the mechanisms that drive the operating regimes of the feed system over frequency. Formulas used to calculate each subefficiencies can be found in [34] . For a four-ring hexagonal array feed with uniform aperture field distribution, a comparison of subefficiencies distribution over frequencies is shown in Fig. 5 . The results show that the aperture efficiency signature associated with the gap between operating regimes is dominated by a decrease in spillover efficiency, indicating energy loss due to overillumination of the reflector.
To confirm this, Fig. 6 shows the formed array-feed illumination pattern and the corresponding beamforming weights of each ring element, where the selected frequencies correspond to the first peak, the minimum, and the second peak of the aperture efficiency distribution in Fig. 5 , respectively. The reflector rim angle is marked at 18.9
• . As shown in Fig. 6(a) , when the electrical element spacing is 0.8 λ and 2.52 λ, radiated power from the beamformed feed pattern is concentrated within the rim angle of reflector antenna.
When d is 2.52 λ, the array element is electrically large enough to form a narrow beam to fully illuminate the reflector antenna, so the beam is dominated by the center element. When d is 0.8 λ, only using the center element is not enough to form a narrow beam to illuminate the reflector antenna, so more elements are needed in the beamformer to form a high-quality illumination pattern. At the critical frequency (d = 1.84 λ), the center element is also electrically small. The beamformer weights for 1.84 λ are similar to that for 2.52 λ and are dominated by the center element as well, but at that frequency, one element fails to form a narrow-enough beam to illuminate the reflector antenna. Consequently, the spillover efficiency decreases, and the overall aperture efficiency exhibits a minimum at the critical frequency. 
B. Focal Plane-Field Distribution Over Frequency
We have considered the performance gap between the arrayfeed and cluster-feed regimes in terms of the illumination pattern of the feed on the reflector, which is essentially a transmitting-mode analysis. For the receiving mode, this effect can be analyzed in terms of the field distribution in the plane of the array feed over frequency. While the transmit analysis links the aperture efficiency decrease to well-known parameters of reflector-feed systems, the receiving analysis provides more direct insight into how this effect is related to the array-feed geometry and configuration.
The focal plane field distribution for a paraboloidal reflector is the so-called Airy pattern. For the array examples considered above, the critical frequency occurs when the first null of the Airy pattern overlaps with the center point of the neighboring element nearest to the center element of the array feed. This is shown in Fig. 7 . At this frequency, the array element spacing d is equal to the distance W from the center to the first null of Airy pattern. The beamformer weights as shown in Fig. 3(a) for the first-ring elements are close to zero, which prevents the array from fully sampling the Airy pattern and capturing all of the energy focused by the reflector in the plane of the feed.
The position of the first null of Airy pattern is
where θ is the angle between the axis of the reflector antenna and the first null of Airy pattern. Since θ is very small, the offset position of the null in the focal plane can be approximated as
Thus, with a simple one-dimensional (1-D) array-feed analysis, the critical element spacing d 0 is
For a two-dimensional array feed, the relationship between the Airy pattern null and element locations at the critical electrical spacing is similar to the 1-D case, as shown in Fig. 8 . For a hexagonal array feed, the center points of the first-ring elements coincide with the first null of the Airy pattern, so the expected relationship between d 0 in wavelengths and reflector f/D is 1.22, which is same as the value in (13). For the 
C. Comparison of Theoretical and Calculated Results
Aperture efficiency can be modeled over element spacing and the reflector f/D to verify the relationship in (13) . Using the array-feed model of the previous section, Fig. 9 shows a nearly linearly relationship between the critical spacing d 0 and the reflector f/D for a hexagonal and rectangular array feed. The slope of the curve can be calculated by the average ratio of d 0 to the reflector f/D. Fig. 10 shows the calculated and predicted ratio of d 0 to the reflector f/D over array size for both layouts.
For a hexagonal array feed, the slope converges to 1.21, which is very close to the predicted value of 1.22. For a hexagonal array feed, the relationship between d 0 and the reflector f/D is therefore
For a rectangular array feed, the relationship is
In Fig. 3(a) , the beamforming weights for d with 0.8 λ are nonnegligible for the near-center elements, so this case is in the PAF regime. The beamforming weights for d = 2.52 λ are dominated by the center element and other elements do not contribute significantly, so the system behaves as a cluster feed. Therefore, we consider d 0 as the boundary between the array-feed and cluster-feed regimes.
D. Improving Efficiency in the Bandwidth Gap
Aperture efficiency at the critical frequency between the array-feed and cluster-feed regimes is significantly lower than the peak value. The maximum value of aperture efficiency in Fig. 5 is 91% , whereas the minimum value is 64%, which is a serious degradation in performance for satellite communications, remote sensing, and particularly radio astronomy applications. For a broad bandwidth PAF system, the optimal center frequency might not fall into the frequency bandwidth gap. But the upper frequency driven by application requirements may fall in this region. Meanwhile, at W-band or even higher frequencies, the smallest array element spacing is limited by the cross-section size of a receiver element and associated electronics [35] . In this section, two methods will be suggested for improving performance near the critical frequency. Figs. 3(c) and 4(a) , the minimum aperture efficiency for a rectangular array feed is ∼5% higher than that for a hexagonal array feed. The reason is because the aperture efficiency decrease requires an overlap between the first null of Airy pattern and the center points of the near center elements. As shown in Fig. 8 , a hexagonal array feed satisfies this requirement perfectly, but for the rectangular array feed, the elements are not completely aligned with the null. The four neighbored center elements and the four corner elements are inside and outside the ring of the first null of Airy pattern, respectively. To best match the Airy pattern and achieve the maximum gain, the beamformer weight of the center element is in phase with Fig. 11 . Aperture efficiency at the critical frequency of a four-ring hexagonal array feed at the reflector boresight direction over a ratio of the element effective length (diameter of circular horn antenna element) to the element physical length.
1) Optimization of Array Layout: From a comparison between
the four neighbored center elements and out of phase with the four corner elements. Therefore, compared to a hexagonal array feed, the phase distribution of beamforming weights for the near-center elements of a rectangular array feed can be better matched to the the first null of the Airy pattern, which improves the performance of the rectangular array and leads to a higher aperture efficiency. The improvement is modest, however, and better approaches are desirable.
2) Superdirective Elements: The primary reason for the aperture efficiency decrease is that when the beamformer weights of the other elements are close to zero, the effective receiving area of the center element is too small to fully sample the main lobe of Airy pattern. While mainly of theoretical rather than practical interest, we wish to determine if superdirective elements can be used to solve this problem. Fig. 11 shows the aperture efficiency at the critical frequency of a fourring hexagonal array feed over a ratio of the element effective length to the element physical length. It can be seen that when the aperture field is uniformly distributed on each element, L eff /L phy becomes unity and the aperture efficiency is 64%. When L eff /L phy is larger than 1, the antenna element behaves as a superdirective antenna and the main lobe of the Airy pattern is better sampled. When the ratio becomes 1.4, the aperture efficiency is maximized at 79%. Further increasing L eff /L phy makes the feed pattern too narrow to illuminate the reflector antenna and leads to a decrease of the aperture efficiency.
Although the superdirective array feed shows a better performance at d 0 (λ) than a uniform array feed, practical issues including gain reduction due to large ohmic losses, narrow bandwidth, and high accuracy requirements for the element aperture field distribution make the superdirective approach difficult to implement [36] - [38] . The study of superdirective elements is of interest as it represents a method for changing the characteristics of elements in the array in a systematic way to improve the performance of the multifeed system in the bandwidth gap. There may be other more practical element designs that do not rely on superdirectivity, but still improve efficiency over the full operating frequency range of a broadband feed. 
E. Physical Bandwidth Limit for a High-Efficiency Array Feed
For conventional array elements that do not compensate for poor aperture efficiency near the critical frequency, there is an inherent bandwidth limit for a high-efficiency focal plane array feed. The focal-field distribution in relation to the array elements at the upper and lower band edges is shown in Fig. 12 . Since the curve of aperture efficiency distribution over frequency behaves as a saddle shape, the effect of aperture efficiency decrease limits the maximum frequency f max of a high-efficiency array feed:
The upper frequency limit is
where c is the speed of light. As the frequency is decreased, the Airy pattern becomes wider. When the array feed size is too small to sample the main lobe of Airy pattern, the aperture efficiency will again decrease. The overall array size limits the minimum frequency f min of the array feed according to
The minimum operating frequency is
where N is the element number of a 1-D array feed. The relative bandwidth limit for the high aperture efficiency regime of a 1-D array feed is therefore
where N > 1. If we expand the 1-D array feed to a hexagonal or rectangular array feed, the bandwidth limit becomes
where N ring > 0 and represents the number of element rings in the array. The relationship between the bandwidth limit and the array element number for the hexagonal and square array feed is shown in Fig. 13 . The achievable high-efficiency bandwidth of an array feed increases with array size, but approaches a relative bandwidth of two as the number of elements in one dimension becomes large. The increase in bandwidth is reflected in Figs. 3(c) and  4(a) , where the aperture efficiency is seen to be fixed at the critical spacing d 0 , whereas for smaller spacing, the aperture efficiency increases with array size.
This bandwidth limit cannot be applied to nonconventional or superdirective antenna elements. Because the effective array area of a superdirective antenna is larger than Nd, which makes the array feed better sample the main lobe of Airy pattern, the minimum frequency limit becomes smaller and the bandwidth is larger.
The appropriate choice of the aperture efficiency threshold used to define a "high-efficiency" array feed can be determined using the array feed model of the previous section. Fig. 14 shows that the aperture efficiency at the critical frequency is roughly 60% for a uniform hexagonal array feed and 65% for a uniform rectangular array feed over a wide range of reflector geometries. Thus, the high-efficiency operating bandwidth for a hexagonal array feed can be approximately defined as above 60%. Similarly, for a high-efficiency rectangular array feed, the threshold is 65%. These are modeled efficiencies that do not include blockage, feed support scattering, or other nonideal effects, so the practical expected efficiency thresholds would be slightly lower.
It is interesting to compare this bandwidth bound to the Wheeler-Chu limit for the impedance bandwidth of a single antenna [39] . Since the definition of aperture efficiency is based on available power, aperture efficiency is independent of the impedance match between the antenna and load, and is only influenced by the element radiation pattern. Thus, the aperture efficiency bandwidth limit can be considered as a formed radiation pattern bandwidth limit for array feeds. Impedance mismatch between the antennas and LNAs increases the system noise temperature. The sensitivity for an array-feed system is proportional to the ratio of the reflector aperture efficiency to the system noise temperature, which means that the variation of aperture efficiency in the bandwidth gap is also reflected in the receiver sensitivity and SNR. Hence, the sensitivity bandwidth limit of a high-sensitivity array feed is an approximate intersection of the impedance bandwidth limit and the formed radiation pattern bandwidth limit.
IV. CONCLUSION
For multifeed systems, we have shown that there is a bandwidth gap between array feed and cluster feed operating regimes that occurs at a critical frequency, such that the element spacing in wavelengths is roughly 1.22 f/D. Aperture efficiency is poor near this frequency due to increased spillover loss and the coincidence of the null in the focal-field distribution with array element locations. Optimization of array layout and modification of the element patterns can improve the aperture efficiency near the critical frequency to some extent.
For PAFs, a formed radiation pattern bandwidth limit for array feeds is proposed that can be combined with the WheelerChu impedance bandwidth limit to confine the performance bandwidth of a high-efficiency array feed with conventional array elements. In future work, it would be of interest to find practical element designs that eliminate the reduction in multifeed system performance near the critical frequency.
